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a b s t r a c t
We study the existence of fixed points for τ–ϕ-convex operators by means of a fixed point
theorem of cone expansion and compression. As corollaries, we obtain some fixed point
results for e-convex operators and α-convex operators. Then the results are applied to
superlinear multi-point boundary value problems.
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1. Introduction
It is well known that concave operators and convex operators in an ordered Banach space play an important role in the
theory of nonlinear operators. Krasnoselskii [1] states the definitions and properties of e-concave operators and e-convex
operators which have been investigated by Guo and Lakshmikantham in [2]. In [3], Potter introduces the definitions of α-
concave operators and α-convex operators. In recent years, Zhai, Guo and Zhao [4,5] obtained the existence of fixed points
for some α-convex operators, but the conditions were stronger. Zhao and Du [6] defined and studied the generalized e-
convex operators; they require that the operators are nonincreasing. Zhai [7] defined and studied τ–ϕ-concave operators;
a τ–ϕ-concave operator is essentially sublinear, and the α-concave operator (0 < α < 1) is a particular case.
Motivated by [7], this work studies the τ–ϕ-convex operator, which is essentially superlinear; the β-convex operator
(β > 1) is a particular case. Under some conditions, we obtain the existence of fixed points for the class of operators.
As corollaries, we obtain some fixed point results for e-convex operators and α-convex operators. To demonstrate the
applicability of our results, we give in the final section an application to certain multi-point boundary value problems.
Throughout thiswork, E is a real Banach spacewith norm ‖·‖, θ is the zero element of E, and P is a cone in E. So, a partially
ordered relation in E is given by x ≤ y iff y− x ∈ P . A cone P ⊂ E is said to be normal if there exists a constant N such that
θ ≤ x ≤ y⇒ ‖x‖ ≤ N‖y‖; the smallest N is called the normal constant of P . We write R+ = [0,+∞), P+ = P − {θ}, and
Ce = {x ∈ E | there exist positive numbers a, b such that ae ≤ x ≤ be},
where e ∈ P+. We say that an operator A: P → P is e-convex if (a) Ax ∈ Ce for any x ∈ P+; (b) for any x ∈ Ce and t ∈ (0, 1)
there exists η = η(x, t) > 0 such that A(tx) ≤ t(1 − η)Ax. We say that an operator A: P → P is α-convex if there exists a
real number α such that A(tx) ≤ tαAx for any x ∈ P and t ∈ (0, 1).
Assume D is a subset of E, and operator A:D→ E is continuous and bounded. If there is a constant k, 0 ≤ k < 1, such
that γ (A(S)) ≤ kγ (S) for any bounded S ⊂ D, then A is called a strict set contraction, where γ (D) denotes the Kuratowski
measure of noncompactness of the bounded set S.
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All the concepts discussed above can be found in [1–3,5,8]. We state below some definitions and lemmas.
Definition 1.1. Assume P ⊂ E is a cone. We say that an operator A: P → P is ϕ-convex if there exists a functional
ϕ: P × (0, 1)→ R+ such that
A(t x) ≤ ϕ(x, t) Ax, ∀ t ∈ (0, 1), x ∈ P.
We say that an operator A: P → P is τ–ϕ-convex if there exist a function τ : (a, b)→ (0, 1) and a functional ϕ: P× (a, b)→
R+ such that
A(τ (t) x) ≤ ϕ(x, t) Ax, ∀ t ∈ (a, b), x ∈ P. (1.1)
Lemma 1.1 ([8]). Let Pr,s = {x ∈ P : r ≤ ‖x‖ ≤ s} with s > r > 0. Suppose that A: Pr,s → P is a strict set contraction such
that
Ax 6≥ x for x ∈ P, ‖x‖ = r and Ax 6≤ x for x ∈ P, ‖x‖ = s.
Then A has a fixed point x ∈ P such that r < ‖x‖ < s.
2. Main results and some corollaries
In this section, we present our main results, then give some corollaries.
Theorem 2.1. Let P ⊂ E be a normal cone, N be the normal constant of P, A: P → P be a τ–ϕ-convex strict set contraction. If
there exists c > 0 such that m = inf{‖Ax‖ | x ∈ P, ‖x‖ = c} > 0 and
lim
t→a+0 τ(t) = 0, limt→a+0
ϕ(x, t)
τ (t)
< min
{
m
cN
,
1
MN
}
, uniformly for x ∈ P+, (2.1)
where M = sup{‖Ax‖ | x ∈ P, ‖x‖ = 1}, then A has a fixed point in P+.
Proof. Let Sd = {x ∈ E : ‖x‖ = d}. We prove below that there exist real numbers r, R, such that 0 < r < 1 < R, with
Ax 6≥ x, ∀x ∈ Sr ∩ P, (2.2)
Ax 6≤ x, ∀ x ∈ SR ∩ P. (2.3)
From (2.1) we know that there exists t1 ∈ (a, b) such that
0 < τ(t1) < 1, ϕ(x, t1) <
τ(t1)
MN
, ∀ x ∈ P+. (2.4)
We take r = τ(t1). Assume that there exists x1 ∈ Sr ∩ P such that Ax1 ≥ x1; then
∥∥∥ x1τ(t1)∥∥∥ = 1. Using (1.1) we have
x1 ≤ Ax1 = A
(
τ(t1)
x1
τ(t1)
)
≤ ϕ
(
x1
τ(t1)
, t1
)
A
(
x1
τ(t1)
)
,
and thus, by (2.4) and the normality of P , we have that
‖x1‖ ≤ Nϕ
(
x1
τ(t1)
, t1
)∥∥∥∥A( x1τ(t1)
)∥∥∥∥ < N τ(t1)MN M = τ(t1) = r,
which contradicts x1 ∈ Sr ∩ P , and so (2.2) holds.
By (2.1) we know that there exists t2 ∈ (a, b) such that
0 < τ(t2) < min{1, c}, ϕ(x, t2) < mcN τ(t2), ∀ x ∈ P
+. (2.5)
We take R = c
τ(t2)
; then R > 1. Assume that there exists x2 ∈ SR ∩ P such that Ax2 ≤ x2; thus, ‖τ(t2) x2‖ = c and
A(τ (t2)x2) ≤ ϕ(x2, t2) A(x2) by (1.1). Therefore
A(x2) ≥ (ϕ(x2, t2))−1 A (τ (t2) x2) . (2.6)
This together with (2.5) and (2.6) implies
‖x2‖ ≥ 1N [ϕ (x2, t2)]
−1 ‖A (τ (t2)x2)‖ > 1N
c N
mτ(t2)
m = R,
which contradicts x2 ∈ SR ∩ P , and so (2.3) holds.
By (2.2) and (2.3), applying Lemma 1.1 we assert that A has a fixed point x∗ in P and r < ‖x∗‖ < R. 
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Remark 2.1. If we replace condition (2.1) by the following (2.7):
lim
t→b−0 τ(t) = 0, limt→b−0
ϕ(x, t)
τ (t)
< min
{
m
cN
,
1
MN
}
, uniformly for x ∈ P+, (2.7)
then the conclusions of Theorem 2.1 hold.
From Theorem 2.1 we obtain the following corollaries.
Corollary 2.1. Let the cone P be normal, N be the normal constant of P, A: P → P be a ϕ-convex strict set contraction. If there
exists a positive number c such that m = inf{‖Ax‖ | x ∈ P, ‖x‖ = c} > 0 and
lim
t→0
ϕ(x, t)
t
< min
{
m
cN
,
1
MN
}
, uniformly for x ∈ P+, (2.8)
where M = sup{‖Ax‖ | x ∈ P, ‖x‖ = 1}, then A has a fixed point in P+.
By taking (a, b) = (0, 1) and τ(t) = t in Theorem 2.1, we obtain Corollary 2.1.
Corollary 2.2. Let the cone P be normal, the operator B: P → P be α-convex (α > 1), the operator C: P → P be homogeneous,
A = B+ C be a strict set contraction. If there exists a positive number q such that
q
1+ q > 1−min
{
m
cN
,
1
NM
}
and Bu ≥ qCu, ∀ u ∈ P, (2.9)
where M,m,N, c are as in Corollary 2.1, then A has a fixed point in P+.
Proof. From (2.9) we obtain
Bx ≥ q
1+ qBx+
q
1+ qCx =
q
1+ qAx,
A(rx) ≤ rαBx+ rCx = rAx+ (rα − r)Bx ≤ ϕ(r)Ax (2.10)
with ϕ(r) =
(
r + q1+q (rα − r)
)
; this together with the condition (2.9) yields
lim
r→0+
ϕ(r)
r
= 1− q
1+ q < min
{
m
cN
,
1
NM
}
.
This and (2.10) imply that A has a fixed point by Corollary 2.1. 
Corollary 2.3. Let the cone P be normal, A: P → P be a α-convex strict set contraction (α > 1). If there exists a positive number
c such that inf{‖Ax‖ | x ∈ P, ‖x‖ = c} > 0, then A has a fixed point in P+.
We let ϕ(x, t) = tα; then limt→0+ ϕ(x,t)t = 0 uniformly for x ∈ P+. Using Corollary 2.1 this corollary is obtained.
Remark 2.2. Corollary 2.3 indicates that for α-convex strict set contractions we obtain the existence of positive fixed points
under the condition inf{‖Ax‖ | x ∈ P, ‖x‖ = c} > 0.
Corollary 2.4. Let the cone P be normal, N be the normal constant of P, A: P → P be a nondecreasing e-convex strict set
contraction. If there exists 0 > 0 such that
Ax ≥ 0‖Ax‖e, ∀x ∈ P+, (2.11)
lim
t→0+ η(x, t) > max
{
1− 0‖A(0e)‖ ‖e‖
N2
, 1− 1
MN
}
, uniformly for x ∈ Ce (2.12)
with M = sup{‖Ax‖ | x ∈ P, ‖x‖ = 1}, then A has a fixed point in P+.
Proof. Define the cone P1 ⊂ E by
P1 = {x ∈ P| ∃Lx > 0 suchthat Lxe ≥ x ≥ 0‖x‖e} . (2.13)
By the normality of the cone P we know that P1 is normal. For any x ∈ P1, the e-convexity of A and (2.11) imply Ax ∈ P1.
Therefore, A: P1 → P1 is a strict set contraction. For any x ∈ S1 ∩ P1, from (2.13) we know that x ≥ 0e; hence Ax ≥ A(0e).
This and (2.11) imply
Ax ≥ A(0e) ≥ 0‖A(0e)‖ e,
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and therefore ‖Ax‖ ≥ 1N 0‖A(0e)‖ ‖e‖. Since A(0e) ∈ Ce, ‖A(0e)‖ > 0; hence
m = inf{‖Ax‖ | x ∈ S1 ∩ P1} ≥ 1N 0‖A(0e)‖ ‖e‖ > 0. (2.14)
From (2.14) we know that
0‖A(0e)‖ ‖e‖
N2
≤ m
N
, (2.15)
and thus (2.12) implies that (2.8) holds for c = 1 and any x ∈ P1.
For any x ∈ P+1 we have 0‖x‖e ≤ x ≤ Lx. By the definition of an e-convex operator we know that
A(tx) ≤ ϕ(x, t) Ax (2.16)
with ϕ(x, t) = t(1− η). Then (2.12) and (2.15) imply that
lim
t→0+
ϕ(x, t)
t
= 1− lim
t→0+ η(x, t) < min
{
0‖A(0e)‖ ‖e‖
N2
,
1
MN
}
≤ min
{
m
N
,
1
MN
}
. (2.17)
By (2.16) and (2.17), using Corollary 2.1 we obtain that A has a fixed point in P+1 ⊂ P+. 
Remark 2.3. Corollary 2.4 indicates that for nondecreasing e-convex operatorswe obtain the existence of fixed points under
reasonable conditions.
3. Applications to a multi-point boundary value problem
Now, we apply the results obtained to the boundary value problem
−u′′ + k2u = g(t, u), a < t < b,
u′(a) = 0, u(b) =
m−2∑
i=1
αiu(ηi)
(3.1)
where k > 0, m > 2, ηi ∈ (a, b), αi ∈ R+ (i = 1, 2, . . . ,m − 2) are given numbers, g: (a, b) × R+ → R+ is continuous.
We have the following conclusions.
Theorem 3.1. Suppose that cosh(k(b − a)) > ∑m−2i=1 αi cosh(k(ηi − a)), and there exist β2 ≥ β1 > 1 such that for any
0 < r < 1,
rβ2g(t, u) ≤ g(t, ru) ≤ rβ1g(t, u), ∀ (t, u) ∈ (a, b)× R+, (3.2)
0 <
∫ b
a
(b− t)g(t, 1)dt < +∞, (3.3)
where sinh x = ex−e−x2 , cosh x = e
x+e−x
2 . Then the boundary value problem (3.1) has a continuous positive solution u(t).
To prove Theorem 3.1, we need the following lemma (see [9]).
Lemma 3.1. Suppose the function f (t) is continuous on [a, b] and in addition assume k > 0, cosh(k(b − a)) 6= ∑m−2i=1 αi
cosh(k(ηi − a)). Then the linear boundary value problem
−u′′(t)+ k2 u(t) = f (t), a ≤ t ≤ b,
u′(a) = 0, u(b) =
m−2∑
i=1
αiu(ηi)
has a unique solution
u(t) =
∫ b
a
K(t, s) f (s)ds,
where the Green’s function is such that
K(t, s) = G(t, s)+ cosh(k(t − a))
cosh(k(b− a))−
m−2∑
i=1
αi cosh(k(ηi − a))
m−2∑
i=1
αiG(ηi, s), (3.4)
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with
G(t, s) =

cosh (k(s− a)) sinh (k (b− t))
k cosh (k(b− a)) , if a ≤ s ≤ t,
cosh (k(t − a)) sinh (k(b− s))
k cosh (k(b− a)) , if t ≤ s ≤ b.
Remark 3.1. If f (t) is continuous on the open interval (a, b), and in additionwe assume that the integration
∫ b
a G(t, s)f (s)ds
can be performed for any t ∈ [a, b], then the conclusion of Lemma 3.1 holds.
Proof of Theorem 3.1. Using Lemma 1.1 we know that the problem (3.1) is equivalent to the integral equation
u(t) =
∫ b
a
K(t, s)g(s, u(s))ds, (3.5)
where K(t, s) is as in (3.4). It is easy to see from (3.2) that g(t, u) is nondecreasing in u. We let
H1(t) = sinh(k(b− a))b− a (b− t)− sinh(k(b− t)), t ∈ [a, b],
H2(t) = sinh(k(b− t))− k(b− t), t ∈ [a, b].
Then H1(a) = H1(b) = 0, H ′′1 (t) = −k2 sinh(k(t − a)) ≤ 0 on [a, b], and therefore H1(t) ≥ 0; H2(b) = 0, H ′2(b) = 0,
H ′′2 (t) ≥ 0 on [a, b], and therefore H2(t) ≥ 0. Consequently we have
k(b− t) ≤ sinh(k(b− t)) ≤ sinh(k(b− a))
b− a (b− t), t ∈ [a, b]. (3.6)
Since cosh(t) ≥ 1 and sinh(t), cosh(t) are nondecreasing in t , (3.6) implies
b− t
cosh (k(b− a)) ≤ G(t, t) ≤
sinh(k(b− a))
k(b− a) (b− t), (3.7)
k
sinh(k(b− a))G(t, t)G(s, s) ≤ G(t, s) ≤ G(t, t), G(t, s) ≤ G(s, s).
These and (3.4) imply
K(t, s) ≤
1+
cosh(k(b− a))
m−2∑
i=1
αi
cosh(k(b− a))−
m−2∑
i=1
αi cosh(k(ηi − a))
G(s, s), (3.8)
K(t, s) ≥ cosh(k(t − a))
cosh(k(b− a))−
m−2∑
i=1
αi cosh(k(ηi − a))
k
sinh(k(b− a))
m−2∑
i=1
αiG(ηi, ηi)G(s, s)
≥
k
m−2∑
i=1
αiG(ηi, ηi)
sinh(k(b− a))
(
cosh(k(b− a))−
m−2∑
i=1
αi cosh(k(ηi − a))
)G(s, s). (3.9)
From (3.8) and (3.9) we know that there exist two positive numbersM1,m1 such that
m1G(s, s) ≤ K(t, s) ≤ M1G(s, s). (3.10)
Let E = C[a, b], ‖ · ‖ denote the sup norm of E, P =
{
u(t) ∈ E | u(t) ≥ m1M1 ‖u‖
}
,
Au(t) =
∫ b
a
K(t, s)g(s, u(s))ds, ∀ u ∈ P. (3.11)
We only want to prove from (3.5) that the operator A has a fixed point in P+.
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Clearly, P ⊂ E is a normal cone. By (3.2), (3.7), (3.10) and (3.11) we know that
Au(t) ≤
∫ b
a
K(t, s) g(s, ‖u‖)ds
≤ M1 (1+ ‖u‖)β2 sinh(k(b− a))k(b− a)
∫ b
a
(b− s)g(s, 1)ds, ∀ u(t) ∈ P.
Therefore Aumakes sense by the condition (3.3). From (3.10) and (3.11) we obtain
‖Au(t)‖ ≤ M1
∫ b
a
G(s, s)g(s, u(s))ds, ∀ u ∈ P,
Au(t) ≥ m1
∫ b
a
G(s, s)g(s, u(s))ds ≥ m1
M1
‖Au‖, ∀ u ∈ P.
Therefore A: P → P . It is easy to prove that A is a completely continuous, nondecreasing and β1-convex operator. Clearly,
for any u ∈ P ∩ S1 we have u(t) ≥ m1M1 ‖u‖ =
m1
M1
; hence, Au ≥
(
m1
M1
)β2
A(I), where I = I(t) ≡ 1. Therefore
inf {‖Au‖ | u ∈ P ∩ S1} ≥
(
m1
M1
)β2
‖A(I)‖ > 0.
Using Corollary 2.3 we obtain that A has a fixed point in P+.
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